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This article is devoted to the following problem of Banach: Let B" be a Banach space of finite or infinite dimension η and let A be a natural number satisfying the inequalities 1 < k < n; if all the /c-dimensional subspaces of B n are isometric toeachother, is B n a Hubert space? We give a positive answer to this question under certain restrictions on k and n. §1. Statement of results
The following was conjectured by Banach: If B n is an «-dimensional (where η is not necessarily finite) Banach space for which all the subspaces of a fixed finite dimension k are isometric to each other and 1 < k < n, then B n is a Hubert space. (We say that a Banach space is a Hilbert space if we can define a scalar product g(a, b) (a, b C S") in it so that g{a, a) = | j aj| 2 .)
In the real case this conjecture was proved by S. Mazur when k = 2 and by A. Dvoretsky for arbitrary k and η = <χ> (cf. [5] ).
In this article we obtain the following result.
Theorem 1. Let B" be a real or complex Banach space and suppose that all its k-dimensional subspaces (1 < k < n) are isometric to each other. Then, in each of the following three cases, B n is a Hilbert space:
1. k is even.
B n is complex, kisodd, and η > 2k.

S™ is real, kisodd, and η > k + 2.
Thus, Banach's conjecture remains unproved for odd k and η = k + 1 in the real case, and for odd k and η < 2k in the complex case.
In the cases 1 and 2, Theorem 1 follows from the following: 
2. L n is complex, kisodd, and η > 2k.
3. L" is real, k is odd, and η > 3^-2.
To deduce Theorem 1 from Theorem 2 in the first two cases it is sufficient to quote the wellknown and obvious result that a Banach space is a Hilbert space if all its subspaces of some fixed dimension k > 1 are Hilbert spaces.
Remark 1. The case 3 of Theorem 2 is not used in the proof of Theorem 1.
Remark 2. The restrictions 1,2, and3 in Theorem 2 are essential, in general (cf. §5).
Theorem 2 will be obtained in §4 as a consequence of results in algebraic topology connected with the problem of reducing the structure groups of certain fiber bundles (cf. §3)·
The proof of case 3 of Theorem 1 is also based on a result in algebraic topology which is proved in §3. §2 Proof. The existence of an extremal scalar product follows trivially from the fact that L is finite-dimensional. We assume that there are two extremal scalar products /, /'for which the volume of the unit ball is V, and we consider the scalar product g = V 2 (/ + /')· It is clear that g(a, a) < \\ a\\ 2 .
Lemma 1 will have been proved if we can show that, when f / f, the volume of the unit ball defined by g is strictly less than V.
As is well-known, there exists a basis in L with respect to which the forms / and /' are diagonal: 
in the complex case, under the assumption that the /; and f; are positive numbers and that
The inequality (1) follows from (2) which, in turn, is obtained by the following calculations. It follows from (3) that that is taking (4) into account we obtain
Π h±JL u
which is equivalent to (2).
Thus, on a linear space L of any finite-dimensional Banach space Β there is a uniquely defined extremal scalar product which converts L into a Hubert space Γ . In view of the uniqueness, this extremal scalar product is invariant under those linear transformations of L which are isometries of B k .
Two obvious corollaries follow from this last remark; we shall need them in what follows.
Corollary 1. The group G(B ) of all isometries of B l is naturally imbedded as a subgroup in the.
group of isometries of the Hilbert space Γ .
Corollary 2. If the group G (B ) operates transitively on the unit ball in Γ , then Β is a Hilbert space.
To prove Corollary 2 it is sufficient to note that the intersection of the unit balls in the spaces Β and Γ is nonempty.
Remark. We can establish in the same way that if the group G (B ) operates transitively on the unit ball of Β , then Β is a Hilbert space (cf. [4] , Russian p. 124); however, this result will not be used in the sequel.
Next we consider the Α-dimensional (real or complex) vector-bundle with base A and fibers L a (a € A) in which there is a norm that is a continuous function on the total space of the bundle. In each fiber we introduce an extremal scalar product which is obviously continuous with respect to the base, and we consider the bundle Υ of unit spheres (of dimension k -1 in the real case and of dimension 2k -\ in the complex case) defined by this scalar product. The structure group of this bundle is 0 (k) in the real case and U (k) in the complex case.
Lemma 2. if all the fibers of the fibering of X are isometric (with respect to the norm introduced above) to some space Β , then either Β is a Hilbert space or the structure group of the bundle Υ can be reduced to a closed subgroup which is nontransitive in a fiber of the fibering of Υ.
Proof. We shall show that the bundle X, and so also the bundle Υ, admits a reduction of the structure group to G (B ); then, in view of Corollary 2 of Lemma 1, Lemma 2 will have been proved.
(The group G(B k ) is compact and hence is closed in any Lie group.)
In the set of all those linear mappings of the space Β into the fibers of the bundle X which preserve the extremal scalar product, we distinguish the subset of mappings which preserve the norm of Β . These determine a cross-section (the continuity is obvious) of the fiber-bundle associated with X, with fiber 0 (k)/G {B k ) in the real case, and with fiber U (k)/G (B h ) in the complex case.
Hence (cf. [9] , Russian p. 56) the structure group of X is reducible to G (B ). §3· Some criteria for the irreducibility of the structure groups of fiberings 
where rank n^H) = 0 when i is even.
If now Η is an arbitrary connected closed subgroup of a compact connected Lie group G, then dim Η < dim G (since G is connected) and, by applying (6), we find that there is an i > 0 such that rank m (H) < rank IT, (67).
We denote by l^G) the minimum (nonzero) and by 1 2 (G) the maximum of those dimensions in which the ranks of the homotopy groups of G are different from zero.
For a nontrivial commutative connected compact Lie group G we obviously have [6J,p. 12). The fibering over G n> k in the complex case is (2(n -k)+ l)-univers^l (cf. [9] , Russian p. 162). Since η > 2k it follows that so that it only remains to apply Lemma 3· Case 2. In this case the structure group of the fibering is 0(k). When k = 1, the principal fibering is a two-sheeted covering (re > k) so that the assertion is obviously valid. For k > 1, 0 (k) has a unique nontrivial connected simple normal divisor which is the group SO (k) of rank ρ = (k-l)/2 and dimension k(k -l)/2 (cf. [6] , p. 12). In the real case the fibering over G nj k is (n -/c)-universal (cf. [9] , Russian p. 160). Since re > 3/c -2 it follows that so that again it only remains to apply Lemma 3· Case 3. We assume that k 4 2. The structure group of this fibering is again 0 (k) which has the single nontrivial connected simple normal divisor SO(k) of rank ρ = k/2 and of dimension k(k -l)/2 (cf. [6] , p. 12). In this case the fibering over G n< ^ is (n -A)-universal and, since η > 3^ -4, we find that so that we need only apply Lemma 3·
If k = 2 we must prove that the structure group of the fibering over G n> j. is irreducible when η > 2. The irreducibility of the structure group 0(2) to the subgroup SO (2) follows trivially from the connectedness of the total space of the principal fibering over G n2 for η > 2. Any subgroup of 0(2), distinct from SO (2), acts nontransitively in the fiber S 1 of the associated sphere bundle and, in this case, Proposition 1 follows from the following:
Proposition 2. The structure group of the canonical fibering over the real or complex Grassman
when k is even, to any of its closed subgroups that act nontransitively in the fiber of the associated sphere bundle (the spheres being (k -l)-dimensional in the real case and (2k -l)-dimensional in the complex case).
Proof. We note that if the structure group of some fibering is reducible to a subgroup Η, then the structure group of any induced fibering is also reducible to Η.
In the real case we consider the fibering induced from the bundle of (k -l)-dimensional spheres over G n> ^ (n > k) (Fj + li2 is a real Stiefel manifold). The homomorphism
χ: n h (S»)-^ n h -i(S^)
is nontrivial when k is even (cf. [9] , Russian p. 146), so that it remains to apply Lemma 3·
In the complex case we consider the fibering φ: WW -.? 2ft+ \
induced from the bundle of (2k -l)-dimensional spheres over the complex manifold G n^ j. is nontrivial for even k (cf. [9] , Russian p. 152, and also ['] ), so that again it remains to refer to Lemma 3.
Remark. The condition that k is even in Proposition 2 is necessary when η = k + 1. In the real case this follows from the existence of nonzero vector fields on odd-dimensional spheres, and in the complex case from the possibility of introducing a symplectic structure (cf.
['], Russian p. 171).
We now consider the real euclidean space E n with η > 4, and the associated space V n<i of ortho- 
i/i>(F n _ 2 , 2 ; <?) = 0 whenO < ρ < dim F n , 2 = In -3.
We consider a nonempty, closed subset V C V n>2 and we denote the inverse image Pi"'(fO by V. Proof. From the commutativity of the diagram of imbeddings ' n-2, 2 *'n, 4
and from (14) it follows that
We now consider an arbitrary fiber V n . 2 ,2 of the fibering p 2 , and we prove that the intersection Π ^'n-2,2> which we denote by V", coincides with V n . 2t2 ; this will also prove Proposition 3. In The case 1 of Theorem 2 follows immediately from Lemma 2 and from Proposition 2.
The cases 2 and 3 of Theorem 2 are derived in the same way from Lemma 2 and Proposition 1.
As we have already remarked, the cases 1 and 2 of Theorem 1 reduce trivially to the cases 1 and 2 of Theorem 2.
To prove the case 3 of Theorem 1 it is sufficient to prove that Banach's conjecture is true for odd k and ra = k + 2.
We define a scalar product in the real space B n , independently of the norm, and choose an arbitrary two-dimensional subspace B 2 C B n , which is then kept fixed. We use the notation of Proposition 3. We form the subset V C V n>2 as follows: a pair of orthogonal vectors belongs to V if and only if the subspace spanned by them is isometric to B 2 . The mapping p' 2 : V -> V n<1 is a fiber bundle with structure group G(B ). By Proposition 3 the subset V coincides with the whole space V n>2 and, consequently, all the two-dimensional subspaces of β" are isometric to each other; it only remains to refer to the case 1 of Theorem 1. §5. Supplement
We shall show that, in general, the restrictions in Theorem 2 are essential. For this we remark that the following converse of Lemma 2 holds. By comparing this lemma with the remark to Proposition 2 we see that the restrictions 1, 2, and 3 in Theorem 2 are essential. [1], Russian p. 49) it is not difficult to show that for real Β , apart from the cases η = k + 1 = 4 and η = k + 1 = 8, we can find a two-dimensional Hilbert subspace of Β , any isometry of which can be extended to the whole of Β .
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